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ABSTRACT

A frameworkis presentedor theautomatic2D abstraction, decompositiand blockstructured hexahedral meshiofja volume
definedby a closed triangular mesNo proofs, necessaryr sufficientconditionsare providedinstead, constructesdefinitions
andinstructionsdescribea procedurdor automaticallybuildinga 2D absaction and an alhexahedral meskrirst, aconstrained
Delaunaytetrahedralizatioof the interiorof theobjectis built and itstetras are partitionednto groups based on théitternal edge
and facecounts Through labeling, organized structuege observedhere64-tetras (6 internal edges and 4 internal fadesokend
stacks ob4-tetras (5 internal edges and 4 internal face&tacks of 54tetras connectedour-to-each 64tetra,form a network of
primary prism that populatethe entire objectnear and along its edgeghe exposededges othe primary prism form rails that
partitiontheinput meshinto two categories of patcheso@ce and target patch pailatdefineextrudablesubvolumes and edge
patches that define secondary pridbegeneracies are remedied throwagfine transformations anen efficient local mesh
manipulationprocessThe midmesh ofthe extrusion pairss thencomputedand extendeah orderto obtaina 2D manifold thais
afar simpler, albeit incomplete, 2D absittion of the objecthan acustomarymid-surface/medial axieepresentation. The result
is a partition of thevolume into extrudable, prismatic and tetrahedral blotkat trivially leads toa single block-structured
hexahedral mesh
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1. INTRODUCTION 2. PREVIOUS WORK

Block-structured bxahedralmestes are of interest for both  Attention to the special rolplayed by3-triangles Delaunay

their geometrical and computationalalities If available, a
block-structured heahedral mesfs often the preferredhoice

for nontlinear plasticity and CFnalysisdue to its ability
among other thinggp ensure nea®0° element corner angles
while maintaining excellent orientation with respect to
boundaries. Furthermordn thin parts, commonplace in
aerostructures, electronics and generative degligndensity

of hexahedral meshese, in general, less affected by element
aspect ratio thaim the case afetrahedral meshes. As a result,
block-structured hex meshed suchpars may featureup to

triangles featuring internal edges) and 64tetras Delaunay
tetras featuring6 internal edge and 4internal faces) in
identifying specialmorphologies irclosed 2D and 3D regions
was first reportedh thecontextof approximatingnedial axes
and mid-surface using meshefl] [2] [3]. Butwhile only in
2D may one approximate tifei n s iiddobjéct ofra closa
loop as thdocusof the circumcentersf its 3- and 2triangles
in 3D, the circumcentersf 64- and 54tetrasmay not be used
as an approximation of the mglrface [4]. In his
LayTracks3D approach to meshing general s@iddentifies

two orders of magnitude fewer elements than equivalententire prismatic blocks along the sharp edges of obgruds

tetrahedral meshgethusresulting in substantial computational
gains

calls them tracks and rail$He then goes on to create an all
hexahedral mesiWe will use a similar concept in this work.



3. NOMENCLATURE AND CONSTRUCTION

We present a method for automaticalbuilding a 2D
abstraction of an object that is simpler thana mid
surface/medial axis, with the final goal géneratinga block
structuredhexahedral meshOur approachis based on the
observation thaa constrained Delaunay tetrahedralizatimn

a closed andinely meshed triangular surface mesfithout
the addition of any internal nodegelds only a handful ofa
certain type of tetras that we cédl-tetras(meaning6 internal
edges and thternalface3. We speculate théhe numbeand
placemenbfthe64-tetrads robustinvariant andcharacterizes
the morphology o&nobject Without providing any proohor
any necessary or sufficient conditiprge suggesthat the
exposed edges ttie54-tetras (5 internal edges and 4 internal
faces) partitionhe triangular surface of the mesh into patch
pairs delineating extrudable volumé¥e thenuse the patch
pairs and their bordering primary prisms tcompute a 2D

Figure 2: 64-tetras

abstraction of the object that leads us to a final hexahedralp practical way ofdifferentiatingtetras is by labelingthem

block-structured mesh

3.1. Definition of 64- and 54-tetras

Figurel shows dinely triangulaedsurface mesh representing
atest objecthat we will usehroughout this presentatiomhis
object isobtaired by boring twapartially offset andpartially
intersectingcylinders through a brick.

Figure 1: Surface mesh of test object

A fine triangulation of the test objefillowed by Delaunay
tetrahedralization produces 236,2#2rzs, only 15 of which
have6 internaledges and internalfacesand thus qualify as
64-tetras For the sake of definitionin the context of a
tetrahedral meshan internal face isdefined asone that is
shared by 2 teteaandaninternal edge islefined asone that
bordersonly internal faces. We call such tetrahe@daetras
64-tetras play an important role the present metho&igure
2 representsall the 64-tetras generated in our tedie
speculate, without proof, that faa
triangular meshthe numberand general placemeif 64-
tetras remain unaffeetl by the level of refinement.

with a decimahumberwherethetensrepresenthenumber of
internal edges and the unipresenthe number of internal
facesof that tetraln this fashiona64 tetrawill be labelled as
64 for its 6 internal edges and 4 internal fackse t 6 s
consider 54etras. In Figure 3 they appearorganized as
prismatic structures(stacks of tetrahedrajhroughout the
mesh 54-tetrashave 4internalfacesbutonly 5 internaledges
thusleavingoneexposed edgen the surfaces4-tetras appear
as stacls of tetrasbookended by 64etras.In Figure 3, 64
tetras araenderedas solidswhile 54tetras araenderedas
graywire meshes

Figure 3: 64- and 54-tetras

Afineinllehougho

3.2.

By sorting 54tetras intandividual stacks starting and ending
at 64tetras in the present exampl&8 individual setsare
found organize asjaggedsets oftonnectedetraslinking the
triangular faces gbairs ofoppositeb4-tetras We refer to these
sets as primary prisms because they represent a volume
homeomorphic to a prismin Figure 4 different colors are
assigned to eagbrimary prismto helpdistinguishthem from
one anotherNote that 64etras arenot visible in this solid
rendering asll 4 faces of 64-tetras are covered byrimary
prisms.

Primary prisms



Figure 6: A degenerate primary prism (left) and its
closeup view (right).

By definition, a 54-tetrapossessesne exposededgeon the
surface of the meshThe exposed edgesf the 54-tetrasin a
primary prismform 3 jaggeccurveson thesurface meshwe
call these curves railfigure7 showsone such prismand its
3 rails,as well aghe pair of64-tetrasthat bookend it.

Figure 4: Colored primary prisms composed of
connected 54-tetras linking opposite 64-tetras (not
visible)

3.3. Regular, loop and degenerate primary
prisms

Primary prisms are made of 54etras.In general,primary
prisms originateand endat the face of a 6¢etrabut there are
exceptions loop primary prisms and degenerate primary
prisms.

1. Loop primary prisms which occur around holes are
composed solely of 5tetras. Figure 5 shows a
closeup view of twdoop primary prisms that occur
in the Landing Gear example depicted-igure39.

2. Degenerate primary prisms originate at at@4ss
but terminateat 34-tetras and aregenerally located
near the corners of the objeétigure 6 shows a
degenerate primary prisim the present example

Figure 7: A single primary prism bookended by two
64-tetras (top) and its 3 rails highlighted in light
blue (bottom)

3.4. Partition of the surface into extrusion

Figure 5: Two loop primary prisms produced in the and edge patches
Landing Gear e;amg:i.irljeart;res of the model Rails are connected sets of exposedié#a edges. Again,
PP gray without proof, we suggest that rails for closed loops on the

surface mesh and as sughrtition the surface mesh into
numbersurface patchesn the presergxample, 40 patches are
created ashownin Figure8.



Extrusion patchealwaysappeaiin pairs Figure10shows the
7 pars of extrusion patches produced in the present example.
For the sake of clarity, patch paaeecoloredidenticdly.

Figure 8: Surface patches resulting from the
partition of the surface faces by rails

Surfacepatchesnay be further classifiedinto two categories:
extrusion patcks and edge patcheBxtrusion patchesre
formedwhenloops of primary prismsarve out two opposing

patches from the surface me3hwo such loops are shown in Figure 10: Extrusion patches
Figure9: Two primary prism loops (tomgnd their associated
extrusion patcipairsare showrin the bottom image. Extrusion patch pairs, along with the lateral walls of the

primary prisms surrounding them carve out swaths of
extrudable volumes from the objeEigure11 shows thewo
earlier patch pairsand their associated sidewalls extracted
from the primary prism loops that surround them.

Figure 11: Two extrusion pairs and the sidewalls
surrounding them

The remainingnon-extrusionpatches areallededge patches
Figure 12 showsthe edge patche#n the current example
Masked a&trusion patches appear as holes.

Figure 9: Two primary prism loops (top) and their
associated extrusion patch pairs (bottom)



Figure 12: Edge patches Figure 14: Primary prisms that share 2 rails with the
two edge patches

Finally, consider the sidewalls of these primary prisinas

face the edge patchedich, along with the edge patches
Secondary prisms are a new type of prismclosedby edge form two closed volumegshesevolumes are called secondary
patches and the internal walls of one or more primary prisms.prismsand are shown ifigure15from a different angléor
Remembering that an edge patchriethat is not an extrusion  the sake of clarityLike primary prisms, secondary prisms
patch,the two edge patchefout of a total of 26shown in define precise volumes (blocks) within the object but unlike
Figure13. The boundaries of these edge patches are composefifimary prisms, secondary prisms are not mefc#4-tetras.

of primary prism rails. Instead (without furthedevelopmentthey aremostlymade

of 33 and 44tetras.

3.5. Edge patches and secondary prisms

Figure 15: Edge patches and the primary prism
sidewalls that define secondary prisms

Figure 13: Two edge patches

Considerall primary prism that shares two rails with these two . .
edge patches. Thepeismsare shown irFigure14 where, for 3.6. Calculation of the mid-mesh of
the sake of clarity, the edge patches are not shown . extrusion patch pairs

Without any proof, we assert thatteision mtch pairs are
connected through 3&nd 44tetrasonly. 33-tetras have one
exposed face and 3 internal edgestetdas have no exposed
facesbut 2 exposed edges, in general opposeahi® ather

in thetetraand belonging to opposite patch€kere is no easy
way to represent the 3@8nd 44tetras that joireachpatch pair.
Figure 16 shows theleftmost extrusion patchpair depicted
earlier inFigure10, with asectioncut through the 33and 44
tetrasthat connect the patch palt can benotedthat 33 (in
blue)and 44tetras(in yellow) form, by far,themajority of the
tetras inaDelaunay mesh with no internal nodes obtained from
a Afine enougho surface mesh.



Figure 16: Cut through 33-and 44-tetras

The 33 and 44tetras that connect the 2 patches can be easily

identified as the set of 33and 44tetras that haveithera

surface facend its corresponding opposeddeor, opposed

edges, on each patch of the pair. Consequently, we can

accurately constict the midmesh of such extrusion patch

pairs. The process is describethter in detail Figure 17 4. HEXMESHING

represerga 2D abstraction of the example model composed of

the 7 snoothedandfiextended (detailsbelow) mid-meshes of ~ Without proof, we suggest thdte volume of the objecand

the 7 extrusion patch pairs depicted earlieFigure10. more specifically the tetras composing the Delaunay nagsh,
partitioned into 4 sets:

1. 64-tetras

Figure 18: Quad-meshed mid-meshes

2. Primary prisms, composed of 5dnd a few 34 tetras

3. Extrudable sulvolumes, composed of 3and 44
tetras

4. Secondary prisms, composed-38nd 44tetras
almost exclusively

These setare all primitives and as suatan betreated as
blocks and meshedand combined as a compatible -all
hexahedral mesh.

4.1. Hex meshing of extrusions

Thevertices ofjuadmeshe®D abstractionmay be extruded
along the internal edges of the-3fd 44tetras that connect
eachpatch pair It can benotedthat wherever two extruded
mesh blocks come into contact, their grids are compétiple
construction(detailedlater) becauseheir abstracted patels
Smoothed2D abstractiongnay now be remeshedas quad  areadjacentFigure 19 shows the hex meshes resulting from

meshesusing any quad meshing meshed such as advancing| 7 extrusiors andsubdivided in 2 along the extrusion.
front or paving(Figure18).

Figure 17: Smoothed 2D abstraction (extended mid-
meshes) of extrusion pairs



Figure 19: Extruded mid-mesh quads

4.2. Hex Meshing of primary prism blocks
and blocks defined by 64-tetras (64-blocks)

The blockgdefined by pimary prisns, referred to hereafter as
primary prismblocksaremeshed as hexes by first subdividing
them longitudinally, thenazimuthally by splitting their
triangular crossection into 3 quadg.he boundary nodes of
the quad meskd abstrationsdictate the slicindocationsof
the primaryprism blocksin their longitudinal directiorthus
ensuing that the extruded mesh and the khmeshed prism
blocks share compatible nodes64tetras and degenerate
primary prism blockswhich are also honeenorphic to tetras
are tetrahedral blocks and asplit eachinto 4 hexs each
(Figure20).

Figure 20: Hex-meshed extrusion, primary prisms
and 64-blocks

4.3. Hex meshing of secondary prism
blocks

Secondary prisms aréefined by edge patchesnd the
sidewalls of primary prismsTherefore, the blocks they
representedcan be subdivided following the longitudinal
subdivision ofthe primary prism block whose sidewall they
share Figure21 shows the completed mesbhmposed of the

extrusionssplit in 2 in the direction of the gusion, matching
the primary and secondary prisms split into hexas and the 64
tetrasalsosplit into 4 hexas

Figure 21: Final lock-structured hexahedral mesh

5. DETAILS

The details of the construction of tl2® abstractionvhich
ensurs the compatibility of the extruded meshethe data
structure needed to maintain a link between the tetra arad hex
meslesand otheffine pointsare addressed this section

5.1. Construction of a 2D abstraction that
ensures the compatibility of the extruded
hex meshes

Extrusion source and target patch paosnect33- and 44
tetras. For each pair,hie midmeshcan beconstructed by
assembling the individual2 elements obtained when a-33
tetra is spliwith a planeacross its 3 internal edggsroducing

a triangle)and a 44tetra is split across it4 internal edges
(producinga quadrilateral)For the sake of example, assuming
thatthe source patch is at the bottom and the target patch on
top, Figure 22 illustrateshow 33- and 44tetras contribute to
the midmesh The contribution of a 38tra whose exposed
face belongs to the target patch (blue triasglewnin A), the
contribution of a 33etra whose exposed face belongs to the
source patch (blue triang#hownin B), and the contribution
of a 44tetrawith oneexposed edgen the source arahother

on the target patch (blue quadrilatesabwnin C) are shown





















